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B pabore paccmaTpuBaeTcst cioco0 MpeCTaBICHNsT 3aBUCIMOCTH MEX/Y ITOKa3aTe-
JISIMH B BUJi€ KOIyJI. KOIyJIbl ABIISFOTCS NOMYJISIPHBIM MaTEMaTHUECKUM UHCTPYMEHTApH-
eM. 9TO 00YCIIOBIEHO TEM, YTO, C OJJHOI CTOPOHBI, B KOIYJIAX BbII€JICHbl MapTUHAIIbHbIC
pacrpefielieHus MoKas3aTeJell, a ¢ APYroil CTOPOHbI, BhIIEJIEHa CTPYKTYpa 3aBUCHMOCTH
MEe3Ky FaHHBIMU MapTUHAIBLHBIMUI PacIpefieIeHIsIMI, YTO MO3BOJISIET BechbMa 3(h(hpeKTHB-
HO M3y4aTh CBSI3W, BO3HUKAIOIINE B PEalbHBIX COBOKYMHOCTSIX. OTHEIbHOE BHIMAHUEC B
pabore ypessieTcs Koa(UIUEHTaM 9KCTPEMAIbHOM 3aBUCUMOCTHU — Ba>KHBIM YHCIOBBIM
XapaKTEePUCTUKAM CBSI3U B YCIOBHSX 3KCTPEMANIbHBIX MAJIbIX MM 3KCTPEMAJIbHO OOIb-
IIUX 3HAYCHISIX TOoKa3aTesel. [TokasaHo, 4To jaxke B yCIOBUSIX TECHOI KOPPEJISIINT MeXK-
Iy TIOKa3aTeJISIMHA Y ABYMEPHOTO TayCCOBCKOTO pacHpeiesIeHIsI HIKHUN U BEpXHUN KO3(-
(puLueHTBI 3KCTpEeMaIbHOI 3aBUCUMOCTH IPHHUMAIOT HYJIEBbIE 3HAUEHHS. DTO TOBOPUT O
HEBO3MOKHOCTH IIPOTHO3UPOBAHUSI 3HAUEHNUI OJHOTO I0Ka3aTessl Npu (PUKCALUK CIINII-
KOM MallbIX WU CIMIIKOM OOJIBIINX 3HAUCHMI APYroro nokasareis. B Hacrosimeit pa6o-
T€ MIOKa3aHO, YTO CBA3b MEX/Y KOJIMYECTBOM 3apaKeHuil KOpOHABUPYCHON UH(peKuuen
COVID-19 na 100 000 gyenoBeKk n KOJIMIECTBO CMEPTEH OT KOPOHABUPYCHOM MH(EKINH
COVID-19 na 100 000 yenosek no peruonam Poccuiickoit ®efepanuu MoxKeT ObITh Ipefi-
CTaBIICHA B BUJIE TayCCOBCKOM KOIYJIBI.

Kawouesvle caosa: xomyna, rayCCOBCKOE paclpefielieHue, Koa((UIUEHTbl IKCTpe-
MalITbHOW 3aBUCUMOCTH, KopoHaBupycHast nHpexnuss COVID-19.
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OF GAUSSIAN DISTRIBUTIONS
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The paper considers a way to represent the relationship between indicators in the form
of copulas. Copulas are popular mathematical tools. This is due to the fact that, on the one
hand, the marginal distributions of indicators are divided in the copulas, and on the other
hand, the structure of the relationship between these marginal distributions is divided,
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which makes it possible to very effectively study the connections that arise in real popula-
tions. Special attention in the work is paid to extremal dependence coefficients - important
numerical characteristics of the connection in conditions of extreme small or extremely
large values of indicators. It is shown that even under conditions of close correlation be-
tween the indices for a two-dimensional Gaussian distribution, the lower and upper coef-
ficients of the extreme dependence take zero values. This indicates the impossibility of
predicting the values of one indicator when fixing too small or too large values of another
indicator. This work shows that the relationship between the number of COVID-19 coro-
navirus infections per 100,000 people and the number of deaths from COVID-19 corona-
virus infection per 100,000 people in the regions of the Russian Federation can be repre-
sented in the form of a Gaussian copula.

Keywords: copula, Gaussian distribution, extremal dependence coefficients, COVID-19
coronavirus infection.

1. BBEAJEHUE

Jl1 onucaHusi 3aBUCUMOCTET, BOZHUKAIOIIUX MEX/Y ABYMs IOKa3aTeIsIMHY,
UCIOJIb3yeTCs COBMECTHasl (DYHKIMS pacrnpefeseHusl. Xopolo U3BECTHO, YTO
COBMECTHOE pacIpefieIeHle COAEPXKUT BCIO HEOOXONUMYIO MH(OpMaLuIo AJis
XapaKTepu3aluu B3aUMOCBSI3M MEX/y pacCMaTpUBAEMbIMH IOKA3aTENISIMU, HO
OHO He Bcerya yIo0HO JIs ONIMCAHUS YUCIIEHHON MephI CBsi3U. B Takoil cutyanuu
yAOGHO UCHONIB30BATh YNCIOBbIEe KO3 PUIMEHTHI (KO3 (DUIUEHT KOPPESILIH
IIupcona, koapdunueHT panroon koppensauun CnupmeHa, Koa(ppUIUEHT
Koppemsinuu Kenpenina), KOTopble B TOM WM HHOM BHJIE OTPasKaroT YMCIOBYIO
Mepy 3aBUCHUMOCTH. OTMETHM, YTO IaHHbIE KOA(P(PUINEHTHI ONUCHIBAIOT HEKYIO
CPENIHIOI0 3aBUCHMOCTH (JIMHEHHYIO WM HEJHHEHHYI0) MEXAy H3ydaeMbIMU
[OKa3aTeJsIMU, HO He BCErja OTPakKaroT CBsI3b, KOTOPasi BO3HUKAET IPU IKC-
TpeMalIbHBIX (OYeHb OOJNBIINX WIM OYeHb MAJIbIX) 3HAUYCHHUSIX KaXOro U3 HUX.
AHann3 aKCcTpeMallbHbIX 3HAaUEHUH [TOKa3aTeseil IPUBEIl K NOSIBJICHUIO TEOPUU
9KCTPEMAJIbHBIX 3HAUECHUI.

Teopust aKCTpeMasbHbIX 3HAUEHUIl SIBISIETCS Ba’KHbIM MHCTPYMEHTOM IIpU
MOJICIIMPOBAaHUN PA3JIMYHbIX SBJICHUN (CM, HalpuMep, [6, 9, 12]), B KOTOpBIX J10-
CTHTAIOTCS OOJBININE WIIM MaJible 3HAUSHUS MOKa3arened (Ipu MOJeINpOBaHUH
KaTacTpo(puIecKuX cOObITHN, 3eMIIETPSICEHUIL, yHaMH, 9KOHOMUUYECKUX KPU3HU-
coB u Ap.). Kak npaBmiio, B Teopun 3KCTpeMaIbHbIX 3HAYECHUI CBS3H MEXHY I0-
Ka3aTeJISIMU ONUCBIBAIOTCS C IOMOIIBIO KOIIYJI, @ MEPOH YMCIIOBON 3aBUCUMOCTHU
cIy>kaT KO3(P(pUIMEHTHI 9KCTPEMaIbHON 3aBUCUMOCTH.

B nacrosiieit pabote Mbl OyjieM paccMaTpuBaTh Cily4yau, KOT/ia HapHasi CBs3b
3ajaeTcsl C IOMOIIbI0 COBMECTHOT'O [ayCCOBCKOT'O paclpeie/IeHNs] Ui rayccoB-
CKOM KOIyJIbI — HanboJiee pacnpoCTpaHEHHON CUTYaluy, BOSHUKAIOIIEH B MPH-
KJIQHbIX 3ajjayax. [y JaHHOTO raycCOBCKOTO paclpefiesieHNs U3y4nuM IoBefe-
HUEe KO3((PUIMEHTOB 9KCTPEMaJIbHON 3aBUCUMOCTH.

2. KOITYJIbI

M3yueHne Konys v uX NpUMEHEHUE B CTATUCTUKE HaOUpaeT OOJIBIIYIO MOIy-
nsipHOCTH. B HacTosmIet paboTe OTMETHM JIAIITH HEOOXOIUMbIE HaM Pe3yJIbTaThbl
13 Teopuu KomyJl. [IocTaTOYHO MOJIHYIO HH(OPMAIIIO MOKHO HaiTH B [3,4,7, §].
Mp1 6ygeM paccMaTpuBaTh ByMEPHbIE KOIYJIbI.
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Komynoit aByx ciydaiiapix Benuuud U u V, IMeIomux paBHOMEPHOE pacipe-
nenenue Ha otpeske oT 0 o 1, Ha3bIBaeTCsl UX cOBMeCTHast (PYHKIIMS pacnpesie-
JIeHUs, T.C.

C(u,v)=PU <u,V <v), tne u,ve[0,1].

ITycTe n3yuarorcs gBa nokasarensi X u Y. byjaem npenmnosnarats, 4TO UX pac-
npenesienne HenpepbiBHO. Torma o Teopeme Ckiapa [10, 11] cymecTByeT Takast
komyna C(u, v), 9To coBMecTHas (PyHKIMS pacupefeeHns nokasarenein X u Y
MIPEJICTaBIISIETCS B BUJIE:

F(x,y)=P(X <x,Y <y)=C(F(x), F(y)),

rae F,(x), Fy(y) — MapruHanbHble (OYHKIMH paclpeeIeHusI CIIy9IailHbIX BEJIH-
yiH X 1 Y COOTBETCTBEHHO.

IMonyunnu, yTo coBMecTHasi (PyHKIMS pacupefesieHns IpeficTaBuMa B BUJIE
KOIIyJIbl, T.€. IMEET MECTO OBITh albTEpHATUBHAs (popMa INpPECTaBIEHUS 3a-
BUCHMOCTEHl, BO3HUKAIOIIUX MEX/y paccMaTpUBaeMbIMH Noka3zaTessiMu X u Y.
Komny:is! gatoT BO3MOXKHOCTB pa3fie/InTh ONMCaAaHUE PACIPEENIEHUs CIy4allHOrO
BEKTOpa Ha JIBE YacTHU: YaCTHbIE paclpeie]IeHUs] KOMIIOHEHT U CTPYKTypa ux 3a-
Bucumocreii [1].

Ecnu coBmecTHOe pacnpepesieHue nokasarejaein X u Y sBIsieTCs rayccoB-
CKHM € K03(ppuimeHToM Koppemsinun —1 < p < 1, To COOTBETCTYBYIOIIAs €l KO-
nyja u3 treopembl Ckiapa Ha3bIBaeTCsl FayCCOBCKOHM M, KaK XOPOIIO M3BECTHO
[8], mmeeT Bu:

O () p0 (v (x —2pxy+y )
Xp d dy’
- /—1 Pyt BN B 20-p)

rae O'(1) — KBaHTWIIb CTAHJAPTHOTO HOPMAJILHOTO paclpeiesICHHsI YPOBHS U.
IMosyuniu, 9TO rayccoBCKasi KOIMyJia BhIpaxaeTcs: Yepe3 Koa(ppuiueHT Kop-
peJIsiium, CJIC0BATENbHO, BCSI MKHPOPMAIIUS O 3aBUCHMOCTH MKy 2JIEMEHTaMU
COBMECTHOTO TayCCOBCKOTO paclpeJie/IeHUs] XPAHUTCS B 3TOM KO3 pUIMEHTE,
YTO elle pa3 0G'bSICHIET €ro MOMYJISIPHOCTD IPU M3YIEHUM TayCCOBCKHUX CBSI3EN.

C(u,v)=

3. KO3®O®UIIMEHTHI 9KCTPEMAJIIBHON 3ABUCUMOCTH

Onucanue 3aBUCUMOCTEH MEX/Y 9KCTPEMAaJIbHBIMU JJAHHBIMU SIBJISIETCS 11O~
JIe3HBIM MHCTPYMEHTOM (CM., HanpuMmep, [2, 5]). Koaddumnuents! skcrpemans-
HOW 3aBHCHUMOCTH CTAHOBSITCS HONYJSIPHbIMU B yIIpaBJICHUM puckamu. Brige-
JSIOT HUKHUM U BEPXHMUI KO3(P(PUIUEHTHI IKCTPEMaIbHON 3aBUCUMOCTH JIJIsI
COOTBETCTBEHHO MaJlbIX U OOJIBIINX 3HAYEHUN IIOKA3aTENEN.

Huocnutt koagpguyuenm axcmpemanrbHol 3a8ucumocmu Jiist IByX ciydai-
HBIX BeJimunH X 1 Y ¢ HenpepbhIBHbIME (DYHKIUSAME pactpefeneHus F(x), Fy(y)
COOTBETCTBEHHO ONPENAENAETCS COOTHOILIEHUEM

My =l P(Y < ()| X < Fy (1) = lim C(i L)

rae C(t, t) — xomysia ciaydJaiHbIX BeJauurH X U Y TpH YCIIOBUH, YTO JaHHBIN Mpe-
nen cymectByeT. Eciu A > 0, To OyfieM rOBOPUTH, UTO CIyJalHbIE BEJTMIHHBI X
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1 Y 3aBHCST IPH 9KCTPEMAIIbHO MalIbIX 3HAUCHUSX, B IPOTUBHOM cllydae OyieM
TOBOPHUTH, UTO YKa3aHHO! 3aBUCHMOCTH HET.

Bepxnuii koagpgpuyuenm sKcmpemanbHoll 3a8UcUMOCMU TSI IBYX CIIydai-
HBIX BeJIMYNH X 1 Y ¢ HepephIBHBIMU (DYHKIUSAMHE pacnpefeneHus F(x), F,(y)
COOTBETCTBEHHO OIPEJIENSIETCSI COOTHOIIEHHEM

. _ _ . 1=-2t+C(t,t
by =PV 2 F (0] X 2 (1) = lim 2 C00,

rae C(t, t) — KomyJia ciy4JaiHbIX BeTNYUH X U Y IIpU YCIOBUH, YTO JJAHHBIN IIpe-
nen cymectsyet. Eciu A, > 0, TO Oy/ieM TOBOPUTS, YTO Cily49aiiHble BEJTMIUHBI
X 1 Y 3aBUCAT IPU 3KCTPEMAJIbHO OOJIBIIMX 3HAYEHUSIX, B IPOTUBHOM Cllydae
Oy/ieM FTOBOPUTb, UTO YKa3aHHOU 3aBUCUMOCTH HET.

JlokaxkeM, YTO HMKHUU M BEPXHUI KO3((PUIUEHTHI 3KCTPEMAIILHON 3aBU-
CHUMOCTH JJIs1 CJIyYallHbIX BeJIUYNH X U Y, UMEIOLUX COBMECTHOE IayCCOBCKOE
pacnpepenenue ¢ KoauuueHTom Koppensuun —1 < p < 1, paBHbI HYJIIO.

JleficTBUTENIbHO, KaK YK€ OTMEYaJIOCh BBIIIE, UMEET MECTO IPEJCTABIICHUE

Ct,t)=

-1 -1 _(+2 _ 2
1 rD (t>J-<D (t)exp (x 2pr;+ yY) dxdy.

2myfl—p? 7 T 2(1-p7)
ITponuddepenumponas no popmyiie JleiOHUIA TaHHYIO (PYHKIMIO, HOIYUYUM
dC(t,t) 1 rbilmexp —~(s —pD~' (1))

dt  amfl-p* 7 2(1-p%)

e MOfbIHTerpabHas (PYHKIMS @(s) sBIsieTCs] (PYyHKIMEN IIOTHOCTH TayCcCcOB-
CKOT'O pacrpefielieHusi co cpefHIM 3HaueHneM pP-'(¢) u co craHfapTHBIM OTKJIIO-
dC(t,1) _ 0. a lim dC(t,1)

t—l

ds = ZJ‘_(V ([)(P(S)ds,

HeHneM +/1—p’. 3uaunr, lim =2. IIpumeHsas npasuio
t—>0

Jlommrans IJId HaXOXKJCHUA K03q)(1)I/IIII/ICHTOB 3KCTpCMElJIBHOfI 3aBUCUMOCTH,
moj1y4qaem

low

My =0, A, =0.

DTO rOBOPUT O TOM, YTO B TayCCOBCKOM CJIyyae 3aBHCUMOCTbH MEXKMY IKC-
TpeMajibHO MaJIbIMU WM 9KCTPEMaJIbHO OOJIBIIMME 3HAUYCHUSIMH NTOKa3aTesen
X u Y He HabmiofaeTcs, 1axke B CIIydasix TECHON KOPPEJSIUU MEXAY JaHHbI-
MU CIIy4allHbIMU BeJMUuHbIMUA. C OIHOW CTOPOHBI, €CIIM UMEET MECTO CUJIbHAS
KOPPEISIIHs MEXKAY CITyJYalHbIMU BEJIMIMHAMH, TO MBI MOXEM TIOCTPOUTH Kade-
CTBEHHBIN JIMHENHBIN MPOTHO3 ISl OTHOTO U3 MoKa3aTeliel, PUKCUpysl HeKue
JIOMyCTUMBbIE 3HAYEHUS IPYrOoTo MOKa3aTeds. A C APYroil CTOPOHBI, €CIU pac-
CMaTPHUBAIOTCS 9KCPEMAIbHO MaJIble WIIM IKCTPEMaJIbHO OOJIbIINE 3HAUYEHHUS, TO
TaKOW IPOTHO3 CTPOUTH BEChMa OMAacHO. B aTOM ciyuae TepsieTcst 3aBUCHMOCTD
MEKY NOKa3aTeIISIMUA, YTO O0'bSICHSIETCS] HYJIEBBIMHU 3HAUSHUSIMU KO3 (ppUIeH-
TOB 9KCTPEMAJILHON 3aBUCUMOCTH.

4. TPUMEP

ITycTh nokasarenb X — KOIMYECTBO 3apaXK€HUI KOPOHABUPYCHOM UH(pEKIH-
eir COVID-19 na 100 000 genoBek, Y — KOJIMYECTBO CMEPTEN OT KOPOHABHPYC-
Holl uH(pekyu COVID-19 na 100 000 uenoBek. M3yuaeTcs cBA3b MEXy 9TUMU
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nokazatessiMu. TH(OpManmoHHbII MacCUB AaHHBIX 1O permonam Poccuiickon
deneparun B3sT C cairta https://yandex.ru/covid19/stat na 25 saBaps 2021 . Kop-
PETSIIUOHHOE TOJIe PECTABICHO Ha PUCYHKE, TTIe TIO0 OCsIM aOGCIMCC U OpJIUHAT
OTKJI/[bIBAIOTCS COOTBETCTBEHHO 3HaUEHUs oKa3areynenn X u Y.

BusyanbHblil aHAIN3 KOPPESIUOHHOTO TMOJISI TIO3BOJISIET CIeJIaTh BBIBOJ,
YTO MEKY IMOKa3aTesiMi HaOroaeTcs ciiabast TuHeliHas cBsizb. O6 3TOM Xke
CBHUJICTEJILCTBYET 3HaUeHHE KoadduiumeHTa Koppesuuu, pasaoe 0,53 (¢ mo-
MotIpio kpuTepusi CThIOJIEeHTa MOATBEPAIIIACH TUIIOTE3a O 3HAYNMOCTH 3TOTO
K03 puIreHTa).

C nmomompio kputepusi [Iupcona ObpuTa MpoOBEpeHa TUIOTE3a O TOM, YTO
nokazarenau X u Y UMEIOT IByMEPHOE rayccOBCKOe paclpejesieHue. PeanbHo
JIOCTUTHYTBIN ypoBeHb 3HaummocTu coctaBmi 0,073, 4TO CBUIETEIBCTBYET B
MOJIB3Y MPUHSTHS HYJIEBOW THIIOTE3bI (O TayCCOBCKOM pacHpe/ieIeHHN paccMa-
TPUBAaEeMbIX MMOKa3aTeleil). A 3HAUUT CBS3b MEX]ly pacCMaTpUBAEMbIMU MTOKa3a-
TEJISIMA MOXKET OBbITH OMMCAaHA C TOMOIIBIO TAyCCOBCKOM KOTYJIBI.

C OJIHO¥ CTOPOHBI, OUYEBUTHO, YTO POCT 3apasKeHU MPUBOJIUT K POCTY CMeEp-
TEeM, HO C PYrOil CTOPOHBI, CIIEAYET C 0COO0H OCTOPOKHOCTHIO CTPOUTH KaKHe-
TO TIPOTHO3BI Jlaske B paMKax MaTeMaTUYeCKON MOJICJIM UCCIIEyeMOl B3auMo-
CBSI3M, B CUJIY HYJICBBIX 3HAUEHUN KO3(P(PUIMEHTOB 9KCTPEMAIILHON 3aBUCHMO-
CTH JIJIS FAyCCOBCKOTO CIIy4asi.

5. 3AK/INYEHUE

B pabote paccmaTpuBaeTcsi ciocod NpeficTaBIeHNs 3aBUCUMOCTH MEXKY TIO-
Ka3aTelsIMU B Bujie KomyJl. [laHHOe IpeficTaBleHue OKa3bIlBaeTcs yao0Hee, YeM
UCIOJIb30BAaHUE COBMECTHBIX (PYHKIUI paclpefiesieHnil U3yyaeMbIX IoKa3are-
Jei. 9To 00yCIOBIEHO TEM, UTO, C O{HOM CTOPOHBI, B KOIyJ1aX BbIJJ€JICHbI MApIH-
HaJIbHbIE paclpeieJICHNs] IOKa3aTelIel, YTO, KOHEUYHO XK€, UTPAET BaXKHYIO POJIb
IIPHU UCCIIEJOBAaHUN PEAJIbHBIX COBOKYITHOCTEM, & C JPYIOM — BbIjIeJIeHa CTPYKTY-
pa 3aBUCHMOCTH MEX/y HallICHHBIMI MapTUHAJIbHbIMU PACIPEACICHUSIMU.

OrpenbHOE BHUMaHNE B paboTe yaenseTcss KoaguipmeHTaM 3KCTpeMab-
HOM 3aBUCHMOCTH — BaXKHbIM UYHUCIIOBBIM XapaKTEPHUCTUKAM CBS3U B YCIOBHUSIX
9KCTPEMAIIbHBIX MAJIbIX WJIA 9KCTPEMAJIBHO OOJIBIINX 3HAUEHUSIX [TOKa3aTesen.
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IToka3aHo, 4TO faxke B YCIOBHSIX TECHON KOPPEJSLUN MEX/Y NTOKa3aTelsIMuU y
JIBYMEPHOT'O FayCCOBCKOI'O paclpe/eIeHUs] HU>KHAN U BEPXHUI KOI(P(PUIUEHTbI
9KCTPEMaJIbHON 3aBUCHUMOCTH IPUHUMAIOT HYJIEBblEe 3HAUEHHS. DTO TOBOPUT O
HEBO3MO2KHOCTU NPOTHO3UPOBAHUS 3HAYEHUN OJHOT'O IMOKa3aTeJIsl Ipu (bl/IKca—
LMK CIUIIKOM MaJIbIX MJIY CIIMIIKOM OOJIBIIMX 3HAUEHUH [PYroro nokas3aTeJsl.

B nacrosmei paboTe NOKa3aHo, YTO CBSI3b MEX/Y KOIMYECTBOM 3apaKeHUI
kopoHaBupycHou uagekuein COVID-19 na 100 000 yenoBeK U KOJIUYECTBOM
cmeprelt oT KopoHaBupycHon mHpekmuun COVID-19 nwa 100 000 yemoBek 1o
pernonam Poccuiickoir Pepiepanuu MOryT ObITh IIPEJCTABIEHbI B BUJIE FayCCOB-
CKOW KOTIYJIBL.
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